Uniformly autocontinuous from above Autocontinuous from above Choquet integral Topology Let (X, A, μ) be a finite nonadditive measure space and M be the set of all finite measurable functions on X. The topology on M, which is determined by the Choquet integral with respect to μ, is investigated. The relationship between this topology and the one determined by the Sugeno integral is examined. Some interesting examples are included.
Introduction
In 1974, Sugeno [16] introduced fuzzy measures and fuzzy integrals (known as Sugeno integrals) for multi-criteria evaluation. This theory has very interesting properties from a mathematical point of view that have been studied by many researchers. For example, Ralescu and Adams [13] extended the range of a fuzzy measure from [0, 1] to [0, ∞] and gave an equivalent definition of Sugeno integrals, Pap [12] and Wang and Klir [21] provided an overview of fuzzy measure theory, while Caballero and Sadarangani [1] examined the Cauchy-Schwarz type inequality for Sugeno integrals. In 1989, Wu and Ma [17] investigated the space of measurable functions for a fuzzy measure μ, and discussed its properties related to Orlicz metric (which is demonstrated to be a useful tool for nonlinear problems).
Since the continuity is not an essential property for a set function to define an integral. Nowadays, many researchers abandoned the continuity of fuzzy measures, see, for example [3, 8, 10, 11, 15] (in [9] even nonmonotone fuzzy measure was elaborated). Recently, Wu et al. [18] examined some properties of the space of measurable functions for a monotone set function. They characterized the topology determined by the Sugeno integrals for this space.
The Choquet integral [2, 3, 14] is another important kind of nonlinear integral. It has many similar aspects as the Sugeno integral [4, 22] . For example, the Choquet integral is also very useful in the multicriteria decision theory in modeling the utility function [12] . So it is natural to consider the topology determined by the Choquet integral for the space of measurable functions. In this paper, we will discuss this issue. After some preliminaries and summarization of some previous known results in Section 2 and some lemmas in Section 3, Section 4 presents our main results, including several interesting examples.
Basic concepts and properties
In this section we give some basic concepts and properties which will be used in the sequel. Definition 2.1 [12, 10] . Let X be a nonempty set and A be a σ -algebra of subsets of X. A set function μ : A → [0, ∞] is called a capacity (or a nonadditive measure) if it satisfies the following two conditions: [20] . A capacity μ is said to be uniformly autocontinuous from above if for any ε > 0 there is δ > 0 such that μ(A ∪ B) < μ(A) + ε whenever A, B ∈ A, μ(B) < δ. Definition 2.3 [19] . A capacity μ is said to be autocontinuous from above if μ(
Definition 2.4 [6] . A capacity μ is said to have pseudometric generating property (for short, (p.g.p.)), if for each ε > 0 there (i) For any capacity μ, the uniformly autocontinuous from above implies the (p.g.p.), and the autocontinuous from above also implies the (p.g.p.) if μ is further continuous from below. However, for a general capacity, the autocontinuous from above does not imply the (p.g.p.) (see Example 4.1 or see [15] for a similar example).
(ii) Ha et al. [5] introduced the following structural characteristic: the capacity μ is said to be double asymptotic null-
From this point, we can easily see that the double asymptotic null-additive is equivalent to the (p.g.p.). In this paper, we will call this property the (p.g.p.).
Definition 2.5 [8] . A capacity μ is said to be order continuous (continuous at the empty set) if [12, 21] . We say that the sequence {f n } of measurable functions converges to measurable function f in μ (in symbol f n −→ μ f ) if for every ε > 0,
Since this paper discusses the topology determined by the Choquet integral, we also need the following concept: Definition 2.7 [2, 3] . The Choquet integral of a nonnegative measurable function f on A with respect to a capacity μ is defined as 
whenever n > N. Thus,
and which together with the monotonicity of μ imply that
The following example says that the assumption μ(X) < ∞ cannot be omitted.
where |A| is the cardinality of A.
Recall that a capacity is said to be submodular if for any A, B ∈ A, we have μ(
. Notice that the submodularity implies the subadditive property for any capacity. The Choquet integral is subadditive if and only if the capacity is submodular [3] , i.e.,
if and only if μ is submodular. This subadditivity theorem ensures ρ(f , g) defined by
to be a pseudometric. 
. Moreover, the concavity and the monotonicity of φ(x) = x x+1 and the submodularity of μ implies the triangle inequality. In fact, for any f , g, h
. 
| ≥ α} is a finite set and thus its measure is zero, We end this section with the following lemma.
Lemma 3.2 [7] . Let U be a function which assigns to each x in X a non-void family U x . If U x satisfies the following (i), (ii) and (iii), then the family T of all sets U, such that U ∈ U x whenever x ∈ U, is a topology for X.
If U x further satisfies the following (iv), then U x is precisely the neighborhood system of x relative to the topology T .
(iv) If U ∈ U x , then there is a member V of U x such that V ⊂ U and V ∈ U y for each y ∈ V.
The space of measurable functions and its topology
It is well-known that for random variables taking values in a separable metric space, the convergence in probability is topologized. In this work we abandon the additivity of a probability measure and discuss the counterpart for the Choquet integral based on a capacity.
Let M be the set of all finite measurable functions and P(M) be its power set. As in [18] , we denote
where N + is the set of all positive integers. 
is uniformly autocontinuous from above, then T is a topology on M, and U f is the neighborhood system of f relative to the topology T . Conversely, if T is a topology of M, then μ is autocontinuous from above.
Proof. Firstly, we prove that T is a topology of M, and U f is the neighborhood system of f relative to the topology T . It suffices to prove that (i)-(iv) in Lemma 3.2 are satisfied. Clearly, (i)-(iii) are satisfied, now we prove that (iv) is also satisfied if μ is uniformly autocontinuous from above.
Since μ is uniformly autocontinuous from above, for any ε > 0 there is δ > 0 such that for any A, B ∈ A with μ(B) < δ,
) and for any g ∈ V we should only prove that V ∈ U g .
Since 
thus we have 
by (4.1) and the uniform autocontinuouity from above of μ, we know μ |f − h|
That is h ∈ V , by the arbitrariness of h, we know W ⊂ V . Hence T = {U ⊂ M|∀f ∈ U, U ∈ U f } is a topology of M, and U f is the neighborhood system of f relative to the topology T . Now we are in the position to show the fact that T is a topology of M implies μ is autocontinuous from above. In fact, if μ is not autocontinuous from above, then there exist a set A ∈ A and a sequence of sets {B n } ⊂ A, although lim n→∞ μ(B n ) = 0, lim n→∞ μ(A ∪ B n ) = r > r > μ(A)(without loss of generality we can assume that {μ(A ∪ B n )} is convergent, otherwise we can choose its convergent subsequence). Let 1 2 r ), a contradiction. Hence μ is autocontinuous from above. Now, we intend to investigate the relationship between our topology and the topology in Wu et al. [18] . For clarity, we denote
1+|f −g| dμ, the symbol (S) stands for the Sugeno integral. Further denote Proof. If T is a topology on M, then by Theorem 4.1 we know μ is autocontinuous from above and thus T 1 is also a topology on M by Corollary 1 in [18] . It remains to prove the equivalence of these two topologies.
) ⊂ U by the arbitrariness of g. Thus U ∈ T and which implies T 1 ⊂ T . Conversely, suppose U ∈ U f , then there is also an N ∈ N + such that S(f ,
and which implies μ |f −g|
) by the arbitrariness of g. Thus T ⊂ T 1 and so T = T 1 . It is done. 
i f A is finite and {i, i + 1} ⊂ A for some i,
→ 0 but μ({n, n + 1}) = 2. However, μ is autocontinuous from above and this can be seen from: For a finite fuzzy measure, the order continuity is a consequence of its continuity. If μ is a capacity, however, μ may be not order continuous even if μ is uniformly autocontinous from above. Thus, the continuity and the autocontiuity are two quite different structural characteristics. So the assumption of order continuous in Theorem 4.3 can not be omitted. 
